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Fourier Series

When the French mathematician Joseph Fourier (1768-1830) was trying to solve a problem.in
heat conduction, he needed to express a function as an infinite series of sine and cosine-functions
which named Fourier series later:

Fourier proposed in 1807 a periodic waveform f(t) could be broken down into an
Infinite series of simple sinusoids which, when added together, would construct the
exact form of the original waveform.

Fourier series are infinite series that represent periodic functions in terms of cosines and sines.

Periodic Functions
A periodic function is a function that repeats its values at regular intervals. A function f (x) is
said to be periodic function with period T > O if for all x , f (x+T) = f(x) , and T is the least of

such values. . - : : :
Ex: 1) sin x,-cos x are periodic functions with period 2r .
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Consider the periodic function f(t)=f(t+nT) ; n=41,42,£3,...
T = Period, the smallest value of T that satisfies the above Equation.

Then the Fourier series representation of f is a trigonometric series (sine and cosine terms)

ft)=20 4 > a,cos 2nnt | > b, sin 2t
2 & T — T

vw

Even Part Odd Part

g

T is a period of all the above signals

Suppose f is a periodic function with a period T = 2L Then the Fourier series representation

of f is a trigonometric series (that is, it is an infinite series consists of sine and cosine terms) of
the form.

a nimx . NmXx
f(x) = 70 + ) (an cos——+ by sin T)
Where the coefficients are given by

il l :
Ao zjf_l f(x) dx a, =%f_ll f(x) cos? dx by, =%f_l f(x) sm#dx



Definition of Fourier series

1) Let f(x) be a function defined in (0, 2m) . Let f(x+ 27)= f(X), then the Fourier Series of f(x) is given-by

f(x) is a periodic function; f(t) = % +> a, cos ZTTmt +. 37 B, sin ZTT”“
f(x) = +Zn 1(a, cosnx + b, sinnx)

Where a,, a,, and b,, are constants.

1 F2m 1 27
a, = ;fo f)dx ap = ;fo f(x) cosnx dx b, = %fOzn £(x) sinnx dx
Where ay, a,, and b,, are called<as Faurier coefficient of f(x) in (0, 27).
2) Let f(x) be a function defiged in"(- &, ). Let f(x+ 2x)= f(x), then the Fourier Series of f(x) is given by

flx) = a7° +).—1(a, cosnx + b, sinnx)
where
a, = %ffn fx)dx a, = %ffn f(x)cosnxdx b, = %ffn f(x) sinnx dx

Where ay, a,, and b,, are as Fourier coefficient of f(x) in (- , 7)
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3) Let f(x) be a function defined in (0, 2I). Let f(x+ 21)=f(x), then the Fourier Series of
f(x) is given by
nmx

f(x) = +Zn 1(an cos ==+ by, sin _)
where

1 21 1 21
a, = Tfo f(x)dx a, = Tfo f(x) cos? dx p, = %f;l f(x) sin?dx
Where ay, a,, and b,, are as Fourier coefficient of f(x) in (0, 21).

Let f(x) be a function defined in (- I, I). Let f(x+ 2I)= f(x), then the Fourier Series of f(x) is
given by

where fx) = +Zn 1(ay, cos == +bj sin m)

1 1
Ao =7f_l flx)dx q, =%f_l f(x)cosn—fx dx b,, =%f_ll f(x)sinLTcdx

Where a,, a,, and 'b,; are as Fourier coefficient of f(x) in (- I, I).

ft)=20 4 > a,cos 2nnt | > b, sin 2t
2 & T ~ T



Examples on Fourier Series

1) Expand the Fourier series to represent f(x) x* in the interval (0, 2m)
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Solution : We re.call t}.le Fourier series of 1 [xzfcos nx dx _{fdi(xz) (J cos natl] dx}]
f (x) that defined in the interval (0, 27) " *
:1 X (smnx) {J-Z (smnx) } 2
flx) = a?o +)-1(a, cosnx + b, sinnx) i "o
121
6 .
where o = %IOZ” £(x) dx /.GL‘ - e¥dx :% X2 (S“;"x) —%{fﬁsin nx dx}
1 J-ZTL' ( ) D I A °
an - 0 f X) cosnx dx 26 e” 10 2 (sinnx 2 cos nx cosnx 2n
o I N Al () (e S )|
b, == f(x)sinnx dx DN
n 770 30z* < 4+ e _ , 2w
\ i :l x2 (smnx) _E(_ cos nx +1_J-COSTLX dx)]
Here f(x) . 1202° \e wl n n n n 0
- 36022 4 Me”
2 2 720z \«e“’ _ 1 [ 5 (sinnx _2(  cosnx 1_sin nx\ 14"
ag Z%fgnf(x)dx=%f0nx2dx mQEw 7 * ( n ) n( R )]o
’ i 10 sin nx 2 2 2m
= [_] (2 )3 » 4 :;_xz( n' )+Fxcosnx—gsinnx]0
0_
_ 1 2m 4 cos2nm =1
dn = nfO % C"_/OSd:l]x dx = sin2nm =0
_ 4
]udv=uv—jvdu # )



——f f(x) sinnx dx = l 2T 2

sinnx dx

0 —_—  N——

u dv I du
¢ Juvdx = ufvdx — {2 (v dx)dxl]
=§le [ sinnx dx —{fi(xz)(j'sinnx d,x)dx}l fuv * ufv * Idx (Iv x)dx
1] COs nx COS nx an
=;1x2( ) {IZ ( )dx}]ﬂ Judv=uv—jvdu
r 2w /
1,2 (nnsmr) [ x cosnx dx table's mathod
B T n ol 2m
| u dv 0 _1 I_ (cus n.r) E( sin nx + J- 1. sin nx dx)l
n 0
1 2 j 1, . 2m B
== [— x? (coinx) += (x S”;nx —- [ sinnx dx)]o I SR
a 0
_1 cos nx 2 sin nx 1 cos nx\ |27 _ 2
~— [_ x2 ( n ) +;(x w Thnn )]0 _ %; (x? ); — COS nx ‘_(2 )| s 7x ] (Z)f Cos nx H
L B 0
_1 2 (cos nx 2 . 2 on
= |—x + = x sinnx + = cos nx . § _
L (55 ' ! _ 1] ar 0+2% [o+o+ 2] ——
- | 53— — - 6 T
, T 1 " n n ) ;5\;
T _
bn= - n 303:4$em
ag 0 . L 12043 \‘em
F) =% +5521(ay cosnx + by sinnx) w e o
gnz " 4 4T 720z\e$
flx) =3 +Zn=1(— cosnx— —sin nx) 720Kem
ATT 0 e*
flx) =— +Zn 1(— cosnx=—sinnx ) -
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2 .
a, = %fon x (cos nx sinx )dx

. 2
_ 1 j x[sin@ + Dx —sinn—1)x]| dx , n#l
27

Example 2 Expand in Fourier series of f(x) = x sinx for 0 <x <2TT.

Sol. £(x) = a?o +¥n=1(ay cosnx + b, sinnx) where g, = %fozn £0x) dx
1 2
To T _Ef(l)d«" an:%foznf(x)cosnxdx
ao:%foznff,%iﬂffdx Judvzuv—Jvdu , 1f2nf() _ p
s n =—Jo x) sinnx dx
1 . 127
= —[x(=cosx) = (I)(=sin x));
lﬂ" Product to Sum Formulas
=—[(—2z+0)-(0+0)] - _, 1
T sin a sin § = E[CDS(& — ) — cos(a + )]
a, = %fozn f(x) cosnx dx 1

cosacos [ = E[CDH(& — ) + cos(a + )]

1 2 :

a, ==[" xsinx cosnx dx 1
n 770 . - — - . -

sin v cos 3 = E_sm{&- + 8) +sin(a — 3)

cos asin F = E:sin(&' + ) — sin(a — 3)]

xsin(n+1)x dx —— Ixsin(n —1x dx
2r

0 8
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1 _
—E{(x)(

2

n

1 {(x)[
T

—cos(n+1)x

n+1

cos(n — l)x] - (l)(
n—1

ol

(n+1)

—sm(n+1)x H -
2
0

Note:

(D"

—sin(n—1)x ”
n=0" )|,

(_-1)2r?+2

( - l) When n = 1. we have
1| |27 1| |=-27(=D)"" a, = 1 rf (x)cosxdx = 1
=—| 4—————+0;—10+0 +0;—10+0 L SN RN
MH n+l } { }} ZJZH n—1 } { }} T % d
_ 1 1
T a1 o1 zﬁj;.rsnlﬁxdv
—(n—=D)+m+1) 2 »
= a,= n+l |
1+ D(n-1) n n2_q _ 1 X[—cos 2x (U[—smhﬂ
oz L 2 4 )
=1f2n f(x) sinnx dx ’
n O g P R
| . . :ﬁipzr{_—lf+0}-—(o+0)}
— stmxsmnxdx 2 |02 )7
7
1 ¥ __ 1
J‘ x(2sm nxsin x) dx 2

a|*"‘

j\ SII1 X COS X dx
0

2z

I cos(n —)x—cos(n+ 1)1]

0
27
0

n#l

27

xcos(n—1)x dx—zL Ixcos(n +1)x dx
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_L sin(7 — 1)x - _COS(H—l)x' 27
_2”[(X)( ] J()[ (n—1)° H

_ L{(x){ sin( 7 + 1)x J ~ (l)[ - cos(n. +21)x H
2 n+1 (n+1) ,

o o H {m e
2 (n=1)" n=1°]| 27x (n+ 1) (n+1)’
(T

(n—=1)° (n-1)° 20T

b, =L :I.f(x)Sillxdx L stinxsinxdx
. Ty T
0+ J .
(n+ l) (n +1)”
" ’ | ' _Li_]l‘sinb:_. —cos 2x 2K
—ML Pl o=

[=]

fx) = aTO +y>_.(a, cosnx + b, sinnx)

o
2(’ + a, cos T+Zﬂ' cos nx + b, sin T-I-Zb sin nx

n_.

n=2=

-2 1 = 2
=———CO0sSX+

2 2 ; (n—1)(n+1)

cosnx+mwsmx+0
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Example 3) Expand f(x) = x - x*as a Fourier seriesin—1<x <.

Solution
nmx

ao 3
x) ==+ a, CoS—=+ b sin——
f( ) Zn 1( n n ) where Ay = %f_ll f(.X') dx

a, =—| f(x)dx =— (x —x%)dx 1.l nmx
° E_J‘I EJI a, _Tf—l f(x)cosT dx
1 .1'2 1'3 : ). 1 /1 . nmx
_5{7_?]{ bp'=<J_, f(x)sin——dx
. . sin(—nm) = —sin(nT) =0 for all integer n
S L O L (=20 -2p | |
] l > 3 7 3 = ?[ 3 | = 3 cos(—n7w) = cos(nw) = (—1) for all integer n

1 .l 1, , 1 7Tx
a, =7f_l f(x)cosn—fx dx :?J'(r—x‘)c-:us—d*r
| (. nax ) ( nmx | (. nmx) I
, SlllT | —COST | — s ———
— i 4 _ Iy P "
=7| G |20 | e |+ D)
|_ \, !F ;I . 1;2 / !‘ "FJ d -1
Hovra—a ( Dl Veol_] 0+(1+ 23)' D' ) ol
I s J | n'r J
2 n+1
1-27-1-21] D7 An=
h}.?r [ ] 22 [ 47] n? m?
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z
1 JTX 1 5 nx
J.f(r)sm—rh FJ.(.T—.T')S]IIT(h
~1
- 1
nix ) N A ([ nme)
| —cos—= —sin—— | | cos—
==| (x— ~(1-2 +(=2)|
[ =) nr =29 n'r | ( ) w
] l I? N A

C—(=DM 2
= ;M -1 +1+17]

ED o

nr

B 2}',' (_1)n+1
nmw

nmnx

oo el
n

f(x) = 2 +Z7-1(an cos ==+ by sin—>)

niwx
+

Ay’ p q

2;(_1)“1 SN

i |

niwx

_1(=21
20 3

1 .?Z“

n=1%

+Z[4; (d D™ Cos

l

niw
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Fourier Series for Even and Odd Function

Odd Function: A function F(x) is called an odd function if F(—x) = —F (x)

The graph of an odd function is always symmetrical about the origin

T T

N\

Products of functions

\/‘ i‘
(even)x(even) = (even)

Example: x3, sinx, tanx, —x° etc. (even)x(odd) = (odd)
\\ )" (odd)x(odd) = (even)

Even Function: A function F (x) is called an even function if F(—x) = F(x)

The graph of an even function symmetric about the y- axis
L I I

|

/I /, ¢ s t
V|V

Example: x°, cosx, secx,

Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Even and Odd functions

1) Let p > 0 be any fixed number. If f(x) is an odd function, then
The integral of an odd function from —p to p is zero A

Areaunder fandto ,  Areaunder f and to the

. =0
the leftof x = 0 right of x = 0

p
/ f(x) dz = 0. if f isan odd function.
—p
2) Let p > 0 be any fixed number. If f(x) is an even function, then

The integral of an even.-funetion from —p fo p is twice the integral
from 0O to p.

A - ] A

Area under f and to area under f and to the = 2 [area under fand to the right of x = 0]
theleftofx = 0 + right of x = 0

p p
f(z) dz = 2/ f(z) dz. if f is an even function. ”
0

—P



Fourier Series of Even Function

Let f(x) be a function defined in (- [, I). Let f(x+ 2I)= f(x), then
the Fourier Series of f(x) is given by

nmx

f) = +Z7-1(an cos == + by sin—)

where - A

L Y nix
ap =7J5 f) dx @ =7l fcosTm Ay S0 sin ™

Case 1) If f(x) is an even function of period 2 I, then _
Products of functions

nmx (even)x(even) = (even)
F(x) = + z A, COS —— (even)x(odd) = (odd)
(odd)x(odd) = (even)

Since cos nx is an even function, f(x) is an even function

= Product of two even functions is even odd
an =7, f(x) cos# dx 1 [P nmwIT,
—— L b, = — f(x)sin(—) dx =10
even even = even P —p — " JL
- _ 2l even
(i)ag = lfOF(x)dx ~

(i, = %folF(x)cosgdx,n =1,2,3,.. (iii)b, =

If a periodic function f(x) is an even function we have already used the fact that its
Fourier series will involve only cosines 15
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Case (2): Fourier Series of Odd Function (even)x(odd) = (odd)
(odd)x(odd) = (even)
If F(x) is an odd function of period 2I, then |f (x) is odd, then we get

odd

nmx 1 [P~
F(x) = Z bnSln— ag=— [ flz) de=0
pJ-,
. - odd
Where, (I) ap =0 (i) a, =0 e —
2 nmx 1 } ( __‘(mrtz: lr =0
(iii) b,, = 7f0 F(x) sin—dx,n=123.. Un = pUCOb , ) do =
odd odd = even T

even

sinn—Tltx is an odd function, f{x) is an odd function Product of two odd functions is even
Thus, if a function f{x) is Odd in (-, 1), its Fourier series expansion contains only sine terms.

Half Range Series
The Fourier series which contains terms of sine or cosine only is known as half range Fourier
sine series or half range-Fourier cosine series.
Case-1 Half range Fourier cosine series:

For the half'range Fourier cosine series of the function f(x) in the range (0,1), we extend the
function f(x) over the range (-1, 1). So that the function become even function.

o : 2 (1
ao nmx ()ag ==, F(x)dx
FO) =5+ ) ancos— Tk -
n=1 (ii) a, = Tfo F(x) cos%dx,n =1,2,3, ...

1
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Half Range Fourier Cosine Series defined in (0, ) : The Fourier half range Cosine series in
(0, ) is given by

Ao =
F(x) = > + z a,cos nx
n=1

: 2 i _ 2 (" _
(i) ap = ;fonF(x)dx (i) ap == [y F(x) cos nxdx, n=12387.
This is Similar to the Fourier series defined for even functionin (-, m).

Case-2 Half range Fourier sine series:

For half range Fourier sine series of function f(x);in the range(0,l), we extend the function f(x)
over the range (-1, 1); so that the function becomes odd function.

2 (! nmwx
F(x) = z bnsmﬂ b, = TJ Fx)sin——dx,n=123..
0

Half Range Fourier Sine Series defined in (0, ) : The Fourier half range sine series in (0,
) is given by

(00 2 T
F(x) = Z b,sinnx where b, = Ej f(x)sinnxdx, n=123..
- 0

This is Similar to the Fourier series defined for odd function in (-, ). 17
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Example Find the Fourier Series of the Fx)=x,—nm<x<m
Solution: Given, F(x) = x,Here, F(—x) = —x = —F(x)
Therefore, F(x) is an odd function. We have Fourier Series of Odd function

F(x) = Z b,sinnx

Here, b,, = f F(x) 5111—d:x: = —f;x sin nx dx

-2 (=) o]

2 [ X COS NX 3 siru*:;w:]ﬂ"'E 2 [ T COS NT |
0

n n2 T n

_ —E(—l)” _ E(_1)11+1 [ sinnm = 0 and cosnm = (—1)"]

Now from (i). we get,

> 2 )ﬂ;+1
F(x) = z " (D" sinnx = 2)%  ——sinnx
n=1
_ 9 [sinx _ sin2x sin 3x . l
B 1 2 3
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Example : Find the Fourier Series of the F(x) =x* —-nm<x<m
Solution: Given, F(x) = x* Here, F(—x) = (—x)? = F(x)
Therefore, F(x) Is an even function. We have Fourier Series of Even function

F(x) = 7 Z a,cosnx ... .. (1)

3
Hereao——f F(x)dx :%f;rxzdx:% (1)

(ii) a,, = %f;F(x) cos nx dx

m
2 2 sin nx sin nx T
=—fx2 cos nx dx :—[JCE( )—IZI( )dx] '
T T n n 0
0 P g -
_2 [JCE (sin nx) _ 9y (_ casnx) ) (_ sinnx)r'
s 1 ne n3 0
_ %[xz (Sh:lx) _ oy (_ coz;x) ! (_sii:x)]: ‘ _ %[0 +i—ZCOS — 0] _ %(_l)ﬂ ......
Now from (i) we get, fox) == + Yne12 = (—)"cos nx
n w2 cosx cos2x , cos3x
=—+Zn_ —1)" cosnx =?—4[12 —— —]
19
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Example: F(x) = x,0 < x < 2 in a half sine series
Solution: We have, the half range Fourier sine series,

a, = 0and b, = %f;F(x) sin#dx

F(x) = Z b,sin nx

. n= nmx
where, g =0 a, =0 b,, lf F(x)sm—dx
2 (> nmx 2
b =—j x sin——dx _ E) _
=2 > [2:::( mcus fZ( )dx]u
2
_ 9 [_ x Ensmrx n 2 Sinnmc]
nm 2 nZm? 2 1p
= 7 [—imsﬁ] = —ims nm
nm 2 nm [ sinnm = 0andcosnm = (—1)"]
4
— _ (—1)"
HTI( )

Now , we get,

0.0)

_4 4 i D" npx
F(x) = ZE (—1)" sin nx » ~ 1 " sin 5
n=

n=1

4 nwx 1 1 3tx

- [smT — Esinnx + §sinT — 999 L e ]
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Example Find the half range sine series of f(x) =x cosx in (0, ).
Sol. Fourier sine series is F(x) = z 5

J f(x)sinnxdx =— Ixcos.x Sin 71X dx

i

1
= —I X (2 sin nx cos x) dx

%

:—Ix[sm(n+1)x+51n(n—1)1] , n#l

1 E I ¢ .
=—jxs1n(n+l)xdx+—jxs1n(n—l)xdx , n#l
T M T N

b = l{1(—cos(n‘+l)x]_(l)[—sin(nle)x ]T +l|:x(_COS(}?—I).I}_(D(—Siﬂ(??.—jl)x HH
/4 n+1 (n+1) . 7 n—1 (n—1)" .

_ %H ’:( +11)”+1 o} o+ 0}} " %H_ ’?r:__ll)”_l + 0} —{o+ 0}}

n- -

1y n+2 1% H ' ’ n
Gty MR Gl (l){ L, 1 }=(—1)’[ S } (f.e.)b,,=—2”f‘li

n+1 n—1 n+l n-1 (m+ D =1)

, n#1



When n =1, we have

2 . 2 ¢ .
b =— Jf(x)sm xdx =— chosxsmxdx
/2 T

; T
| .
= —_[xsm 2x dx
0

=i N —00521} ( ZSm2x —sin 2x
T 2 4 .
| 1

f(x)= an sinnx = b, 51111+Zb” sin nx

n=2

1 . = 2n(-1)" .
:—Esmx—i—z E ) S111 nx

n—2 N~ -1

Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal

22



Example Find the half range cosine series for the function f{x) =x (r—x) in 0 <x <.

oo
Sol. Half range fourier cosine series 1s Qg
F(x) = > + a,cos nx

2 ¢ 2 ¢ -
a, =— J‘f(x)dx =— IA.‘(]Z'—X)dX n=1
b/ e
_z_frxz B 7 . 2
72T =SS +1]
= n
g{ﬁ_i]_(o 0)} 4 |
4 3 a,=——,when nis even
7
=3{£} N =0 , when nis odd
| 6 K
=_jf(x)cosm dx =—jx(7r—x)cosm dx F(x) :a70+i a, cos nx
n=1

{(]” . ) smm (- 2Y)(—Losnrj _2)(—81111116)}”
" LA 2 ——cos nx

=£ L Jr)( D | {0'1'(”)(1)4—0} n=even
T | 7?2 |

2

:72'}? [_( D" = ] — 23
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Complex Fourier Series

The Complex Fourier Series is the Fourier Series but written using e*

In order to derive the complex Fourier series, we first recall from last lecture the
trigonometric Fourier series representation of a function defined on [-I,"1] with
period 2 n. The Fourier series IS given by

_ 1.l
f(x) = +Zn (a, cos™==+ b, si ﬂ) o = lf‘l f(x) dx

n =lfl f(x)cos == dx
where the Fourier coefﬂuents were found as L=l l
1l .
b, = Tf—l f(x) 31nn—7ltxdx
In order to derive the exponential Fourier, series, we replace the trigonometric
functions with exponential functions and collect like exponential terms.

NTTX NTTX inT[x _ inn-x

ni e" T + e V1 . nm e T — e V1
COS— X = sin—x = ,
[ 2 [ 20

This gives _
fl) =22 +324 an(e — l)+bn(e — )]

2 21
a, —ib e o an, +ib X
(0 S5 () F] 4 3 1)
The coefﬂments of the complex exponentials can be rewritten by defining

a, — ib, _ an +1by

Cn = > Cn = 5

24



So far, the representation is rewritten as

flx) = +Zn 1 (Cn e mlrx) + Xn=1 (C_n e_in_?x)

Re-indexing the first sum, by introducing k = - n, we can write

o) =243 (o )+ N2y (e 7))

Since k is a dummy index, we replace it with a new.n.as

Fo0 =432, (e "7) + Tp2es (e 7)

Cp =

A_n

a, +1ib,
2
1 (! —NTX
=—j f(x) cos dx = a,
L), [
b_, = %f_ll f(x) sin _nlnx dx = —b,

_ an —ib
Cp=C_p=———""

2

. a . . . . .
Letting co =—* we canWrite the complex exponential Fourier series representation as

Complex Fourier Series for a function of period 2|

=" (e )

Complex Fourier Series for a function of period 2z: f(x) = Y5 _o(c,, €™¥)




Given such a representation, we would like to write out the integral forms of the coefficients, c..
So, we replace the a,,’s and b,,’s with their integral representations and replace the trigonometric
functions with complex exponential functions. Doing this, we have forn=1, 2, .. .,

1 rl nix 1 1 nmwx
chn= =[] f(x)(cos—dx-i=[, f(x)sin—dx
mooaHl L 2t L a, = %f_ll f(x) cos —m;x dx

Cp = %f_ll f(x) (cos?—isin# ) dx o R
b, = Tf—l f(x) sin—=dx
cn= = fE) e T dx

It is a simple matter to determine the ¢,;,’s for other values of n. For n = 0, we have that
o= = %f_ll f(x) dx

Complex Fourier-Series for a function of period 2|
e NTTX 1 (1 X
F=Y (e o) o= gl f@eT T dx
n=-—oo

Complex Fourier Series for a function of period 27:

) = zooz_ (Cn einx) C, = %ffn f(x) e~ INX .



Example Find the complex Fourier series for the function f(x) = e”* on the interval [-1, 1]
solution

=3 (o eT) a= L[ fee T ax

I
— lf E.re—m.‘r.r dx
2 J_

1 Y
— E[ EL'—H!.‘T:I.![' dx
—1

1 . _
l—inm —l+inm

= : € — £

201 —inm) [ }

(=1)" | |

= : (e — 1/e). The last identity follows since ™™ = ¢~/"" = (—1)".

201 —inm)
The complex Fourier series 1s

e—1/e = (="
e’ ~ —e"™ for—1 =x = 1.
2 Hgil—mx ==
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Example
Using complex form, find the Fourier series of the function

iy ) -1, —wm=z<=<0
f(:r)—mgn:r—{L 0<z<nm
Solution f(x) _ z (Cn einx) C, = if_”n f(x) e—inx dx
n=-—oo
We calculate the coefficients ¢y and ¢, for

ﬂDZ% fﬂf(x)dm;lfn(l)derjdm} :%{(—ﬂf)nﬁrﬁﬂ
1

w 0

:%(_%4_%):0}

T 0 T
1 1R _ 1 T T
cnzgff(x)e dm—zﬂ [/( 1)e dm—l—/e dm:|
T T 0
0

1 [ (e zm:)|ﬂTr X (e in2)| ]: i = (1= ) 4 e inn 1]

—in —1mn 2mn

Zﬁ[fim”%—ﬁ z'mr_z]::n[e _;E —1}2;—nfcnsnﬁ—1i
[ e : © [ :
= —[-D" —1] f@=) (e e™) f@=)  —[-D" —1]e™
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Example Find the complex Fourier series for f (xX) = xin (-2, 2).

.NTTX

solution  f(x) :zw (cn e"@) en = o [ f e ax

n=-—oo
We can write L2 —miree /2
C:'I — EJ _;TE (?I.T

—mnf 2

Integration by parts j udv=uv— J vdu withuy =xanddv= e ™ " *dx sodu =dx and v=——e
in

5

2 2

2 - / - -

o= l|:_ <X E?—ﬁfnxfﬂ +J 2 e—mm’:dr:i :l|:_ 2x g—m’mﬁ . ,.._)!-.. _ g—ﬁfnx.fi:i :|: —X e—.?rmx,-’i + ql _ E—m’nx.."l:|
_2 2 2

"4l ain TN AV 7in T 2N Tne

(-a — |:;_.:r€_—ﬁfﬂ 14 TE:LIE {?—m‘_rz:| _|:L€,ﬂ'n + -_;I' > E?.-TI?:I:‘ — __.]'('E?—m'_rz + Efm:ﬂ )+ q]- _ (e—m-:ll . gr'ifi'l]

Sice __1 X i —; then Cn _ L{g—m‘rz n {?m" '}+ 1 {g_’m B E:“”J

. 2 2
I I o) T

It is known that since e™ =cosnx +isinng and e ™ =cosnx—isinna then ......

| . . -1 _u - 2i : 2i
cosnm :—[e " +e‘“"] and sinnr = —[E’ ™ _e™) sowe say C =—CoSnT———=Smnr=—Cosnrt
2 2i | m Tn m

; 7; 4
C ="cosnr=—(-1)" then f(x)= > E[—1}}".‘5:,*"”““-’2
mn 7 . m
29

Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal



Example
Find the complex form of the Fourier series of f (x) =sin xin (0, T7).
Solution:

Here2l = m or |l =m/2.

The complex form of Fourier series is flx) = Z c, e?n
n=-—oo
Cy = ifl Fx)e T dx
noogpd-l
1 I . —i2nx
c, =— |smnxe Tdx
T
- .
1| e™™ -
= - {— [2151 X — COS .1:}
T(l-4n" 0
— 1 l\_erin:r_]:_ 2
Jr[lrﬂlnz -1) ;r[_4;-ﬁ —1_]

Using this value, we get

sin x = 2 2 : e in (0, )
T
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